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This study presents a hybrid BEM–FEM procedure for the dynamic analysis of elastoplastic
models. In this hybrid approach, boundary node and internal point displacements are eval-
uated considering the time-domain BEM formulation (initial stress approach), and stresses
are computed taking into account FEM techniques (domain discretization is only necessary
where non-linear behaviour is expected to occur). This hybrid methodology is very appro-
priate to model inﬁnite or semi-inﬁnite elastoplastic models and, at the end of the paper,
three numerical applications are presented, illustrating the potentialities of the proposed
formulation.
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The numerical simulation of arbitrarily shaped continuous bodies, subjected to transient loads and non-linear constitu-
tive relations, remains, despite much effort and progress over the last decades, a challenging area of research. In most cases,
discrete techniques, such as the ﬁnite element method (FEM) and the boundary element method (BEM) have been employed
and continuously developed with respect to accuracy and efﬁciency.
There are three different formulations of dynamic elastoplastic analysis using BEM that are commonly used, namely: the
domain BEM formulation (D-BEM); the dual reciprocity BEM formulation (DR-BEM); and the time-domain BEM formulation
(TD-BEM). In the ﬁrst two formulations, static fundamental solutions are employed and domain integrals, related to inertial
and initial stress (or initial strain) terms, are considered. Maintenance of the inertial domain integral generates the D-BEM,
whereas its transformation into a boundary integral by adopting suitable approximations for acceleration components (dual
reciprocity technique) generates the DR-BEM. In both cases, once the numerical system of equations is established consid-
ering the correspondent spatial discretization, a time-marching scheme is introduced (usually the Houbolt method—Hou-
bolt, 1950), allowing the advance of the solution on time (temporal discretization). In the third formulation (TD-BEM),
time-dependent fundamental solutions are considered and domain discretizations are restricted to regions where inelastic
terms are expected to occur. Although, in this case, the causality property is well represented and accurate results are ex-
pected, the TD-BEM is very demanding in computational terms, and overly complex from a mathematical standpoint. For
more details concerning each BEM formulation described above, the reader is referred to Carrer and Telles (1992), Kontoni
and Beskos (1993), Agnantiaris et al. (1998), Telles et al. (1999), Hatzigeorgiou and Beskos (2002) etc.; for a review of bound-
ary element methodologies applied to the solution of inelastic dynamic problems, the work of Beskos (1995) may be
referred.. All rights reserved.
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centration and/or with inﬁnite physical extension to be analysed in a very consistent way. Most of the drawbacks of this for-
mulation, considering the analysis of inelastic problems, are related to the stress state evaluation. As described by Carrer and
Mansur (1999), the computation of stress components taking into account time-dependent fundamental solutions is elabo-
rate and arduous to implement (alternative approaches have been presented, which describe more feasible techniques—
Soares et al., 2002). In the present work, these calculations are reviewed and stresses are computed taking into account hy-
brid methodologies.
It did not take long until some researchers, seeking to avoid the limitations of the TD-BEM and to proﬁt from its advan-
tages, started to combine the TD-BEM with other numerical methodologies. Nowadays, several publications on the topic are
available and, in most of them, BEM–FEM coupling procedures are discussed (e.g., Pavlatos and Beskos, 1994; Yazdchi et al.,
1999; von Estorff and Firuziaan, 2000; Rizos and Wang, 2002; Spyrakos and Xu, 2004; O’Brien and Rizos, 2005; Soares et al.,
2004,2007 etc.). In these coupled approaches, the FEM is usually employed to model sub-domains where non-linear behav-
iour is expected to occur and the TD-BEM is applied to model linear sub-domains or simply to act as a transmitting (or non-
reﬂecting) boundary. The coupling of the TD-BEM with other boundary element methodologies has also been implemented,
following similar guidelines (Soares et al., 2005; Soares and Mansur, 2006 etc.).
In the present work, a hybrid BEM–FEM formulation is discussed. In this hybrid approach, the tractions and the displace-
ments of the model are evaluated taking into account the TD-BEM, and the stresses of the model are computed based on
ﬁnite element procedures. As discussed throughout the text, this hybrid BEM–FEM technique avoids most of the TD-BEM
inconveniences considering the dynamic analysis of inelastic models.
The paper is organized as follows: ﬁrst (Section 2), the governing equations for the dynamic elastoplastic model are pre-
sented; next (Section 3), the standard TD-BEM solution is brieﬂy discussed. In Section 4, the hybrid BEM–FEM formulation is
described and, at the end of the paper (Section 5), three numerical examples are considered, illustrating the accuracy and
potentialities of the proposed approach.
2. Governing equations
The basic integral equations corresponding to the dynamic elastoplastic problem can be written as follows, disregarding
initial condition contributions as well as body force terms:CikðnÞukðn; tÞ ¼
Z
C
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0
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eikjlðX; t; n; sÞrpjlðX; sÞdsdXðXÞ ð1bÞwhere, in Eq. (1a), Cik is the standard point-location parameter (Cik ¼ dik at internal points and Cik ¼ 12 dik at smooth bound-
aries, where dik is the Kronecker delta); uk and pk stand for displacement and traction components in the k-direction, respec-
tively; rpkj is related to the ‘‘plastic” stress tensor (initial stress formulation) and u

ik, p

ik and e

ikj stand for the displacement,
traction and strain fundamental solution, respectively. In Eq. (1b), rik represents an internal point stress component (uikj,
pikj and e

ikjl stand for fundamental solutions). The domain and the boundary of the body are represented by X and C
ðC ¼ Cu [ CpÞ, respectively.
The incremental stress–strain relation, associated to the elastoplastic problem in focus, can be written as follows:drij ¼ Depijkldekl ð2Þwhere dekl is the total strain increment ðdeij ¼ 12 ðdui;j þ duj;iÞÞ and, within the context of associated isotropic work hardening
theory, the tangent constitutive tensor is deﬁned as:Depijkl ¼ Dijkl  ð1=cÞDijmnamnaopDopkl ð3ÞwhereDijkl ¼ 2Gm=ð1 2mÞdijdkl þ Gðdikdjl þ dildjkÞ ð4aÞ
akl ¼ or=orkl ð4bÞ
c ¼ aijDijklakl þ or0=oep ð4cÞIn Eqs. (4), r and ep are the equivalent (or effective) stress and plastic strain, respectively; r0 is the uniaxial yield stress and G
and m stand for the shear modulus and the Poisson ratio, respectively.
For the initial stress formulation, it is convenient to deﬁne a ﬁctitious ‘‘elastic” stress increment as follows:dreij ¼ Dijkldekl ð5Þ
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After time, boundary and domain discretizations, Eqs. (1) can be written as follows, considering proper numerical
treatment:Cun ¼
Xn
m¼1
ðGnmpm Hnmum þ Q nmrmp Þ ð8aÞ
rn ¼
Xn
m¼1
ðG0nmpm H0nmum þ Q 0nmrmp Þ ð8bÞwhere G, H, G0 and H0 are boundary inﬂuence matrices; Q and Q 0 are domain inﬂuence matrices and un, pn, rn and rnp are
vectors representing the displacement, traction, true stress and initial stress components, respectively, at time instant tn.
It should be observed that, in Eq. (8b), boundary and internal points stress components are being computed: stress com-
ponents at internal points are evaluated as described by Eq. (1b) and the computation of boundary stresses is carried out
using the locally interpolated element tractions and displacements (hence, the hypersingular boundary integral equation
is avoided).
After the introduction of boundary conditions, Eqs. (8) can be written as follows:Annxn ¼ yn þ Q nnrnp ð9aÞ
rn ¼ A0nnxn þ y0n þ Q 0nnrnp ð9bÞwhere, in Eq. (9a), Ann is obtained by a proper combination of matrices CþHnn and Gnn, taking into account the prescribed
boundary conditions of the model; the entries of xn are the unknown boundary displacement or traction components, at dis-
crete time tn, and the entries of yn account for the according known nodal values for displacements and tractions, at current
time tn, as well as for all previous time contributions (time-convolution contributions). Analogous procedures describe Eq.
(9b).
Eqs. (9) can be rewritten in a more compact form, as indicated below:xn ¼Mn þ Rrnp ð10aÞ
rn ¼ Nn þ Srnp ð10bÞwhere Mn ¼ ðAnnÞ1yn; R ¼ ðAnnÞ1Q nn; Nn ¼ y0n  A0nnMn and S ¼ Q 0nn  A0nnR. It should be observed that Mn stands for the
dynamic elastic solution for the boundary unknowns and that Nn stands for the dynamic elastic solution for the stress
components.
For numerical purposes, the increments of elastic stress can be computed directly from Eq. (10b)—taking into account Eq.
(6)—if S is replaced by S0 ¼ Sþ I (I is the identity matrix), as indicated below:Drne ¼ S0Drnp þ DNn ð11Þ
where DNn ¼ Nn Nn1. On the other hand, the increments of plastic stress can be computed considering Eq. (7), applied to
all boundary nodes and internal points, as described by:Drnp ¼ DpDrne ð12Þ
The substitution of Eq. (12) into the accumulated form of Eq. (11) allows the development of an iterative elastoplastic algo-
rithm, whose step k is deﬁned by:rðk1Þe þ DrðkÞe ¼ S0ðrðk1Þp þ DðkÞp DrðkÞe Þ þNn ð13Þ
Taking into account Eq. (13), the ﬁnal elastoplastic iterative algorithm can be written as follows:SðkÞp Dr
ðkÞ
e ¼ Wðk1Þ ð14Þwhere the residual vector Wðk1Þ and the non-linear matrix SðkÞp are deﬁned by:Wðk1Þ ¼ S0rðk1Þp  rðk1Þe þNn ð15aÞ
SðkÞp ¼ I S0DðkÞp ð15bÞConsidering the iterative algorithm (14), several numerical schemes are possible, namely:
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updated as function of the previous solution (this procedure may provide an unsatisfactory degree of accuracy);
(ii) Newton–Raphson: matrix Sp is updated after each iteration (standard Newton–Raphson) or just at some pre-selected
iterations (modiﬁed Newton–Raphson; usually the ﬁrst iteration of each time-step is selected). The iterative process
goes on until the residual becomes sufﬁciently small, considering a pre-determined tolerance;
(iii) Initial stress: This is the explicit case, in which matrix Sp is never updated, i.e., Sp ¼ I (this technique is a particular case
of the Newton–Raphson method).
For further details concerning the non-linear time-domain BEM formulation presented here, the reader is referred to the
works of Telles et al. (1999), Carrer and Mansur (1999), Telles (1983), Mansur (1983) etc.
It should be noted that the present non-linear time-domain BEM formulation is extremely demanding from a computa-
tional standpoint: not only are the evaluation of the inﬂuence matrices G0, H0 and Q 0 overly complex, but also the high com-
putational effort due to the time-convolution calculations associated to Eq. (8b) may become prohibitive when late time
responses are required. In order to avoid these severe drawbacks, a hybrid BEM–FEM formulation is presented in the next
section. In this hybrid formulation, tractions and displacements are evaluated taking into account boundary element proce-
dures (as described by Eq. (1a)/(8a)) and stresses are computed considering ﬁnite element techniques (hence, (1b)/(8b) is
avoided).
4. Hybrid BEM–FEM solution
In the present section, the proposed hybrid BEM–FEM procedure is described. As previously discussed, the idea here is
to evaluate the boundary unknowns (displacements and tractions) and the displacements at internal points by boundary
element techniques, as described by Eqs. (1a) and (8a). Stresses are evaluated only in regions where elastoplastic behav-
iour is expected to occur, considering BEM displacements at boundary nodes and internal points and ﬁnite element
procedures.
Taking into account Eq. (1a)/(8a) to evaluate boundary and internal point values, Eq. (9a) can be rewritten as indicated
below, following a more generic notation:Annb x
n ¼ ynb þ Q nnb rnp ð16aÞ
und ¼ Annd xn þ ynd þ Q nnd rnp ð16bÞ
where subscripts b and d stand for boundary and domain related terms, respectively.
Taking into account Eqs. (16), TD-BEM displacements can be evaluated as follows:un ¼ Vn þWrnp ð17Þ
where Vn and W are computed considering three possible cases:
(i) The displacement component belongs to the essential boundary ðCuÞ—in this case W ¼ 0 and Vn ¼ un, where un
describes the prescribed boundary condition;
(ii) the displacement component belongs to the natural boundary ðCpÞ—in this case W ¼ R ¼ ðAnnb Þ1Q nnb and
Vn ¼Mn ¼ ðAnnb Þ1ynb;
(iii) the displacement component belongs to the domain ðXÞ—in this case W ¼ Q nnd  Annd R and Vn ¼ ynd  Annd Mn.
Once the displacements are speciﬁed at boundary nodes and internal points, stresses can be evaluated taking into account
a ﬁnite element discretization. The increments of elastic stress can be computed, in this case, directly from the displacement
components described by Eq. (17), as indicated below (see Eq. (5)):Drne ¼ DeBDun ¼ DeBðDVn þWDrnpÞ ð18Þ
where De stands for a matrix representation of the elastic constitutive tensor (see Eq. (4a)) and B is the standard ﬁnite ele-
ment linear strain matrix (see, for instance, Zienkiewicz and Taylor, 2002; Hughes, 2000; Bathe, 1996 etc.).
Taking into account Eq. (18), an iterative procedure, analogous to the one represented by Eq. (13), can be written:rðk1Þe þ DrðkÞe ¼ DeBðVn þWðrðk1Þp þ DðkÞp DrðkÞe ÞÞ ð19Þ
and a ﬁnal iterative algorithm can be expressed as:SðkÞp Dr
ðkÞ
e ¼ Wðk1Þ ð20Þwhere the residual vector Wðk1Þ and the non-linear matrix SðkÞp are deﬁned by:Wðk1Þ ¼ DeBðVn þWrðk1Þp Þ  rðk1Þe ð21aÞ
SðkÞp ¼ I DeBWDðkÞp ð21bÞ
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considered in order to compute the stresses; i.e., the ﬁnite elements are selected the same as the BEM domain cells. The ﬁnite
element ‘‘elastic” stresses are computed initially in the element Gauss integration points and, in the sequence, these values
are extrapolated to the element nodes, considering inter-element averaging (average nodal stresses are thus obtained from
stresses computed in element-by-element fashion). It should be noted that nodal initial stress values are considered in Eq.
(8a) and, therefore, the present work evaluates all the stresses at the FEM nodes. Moreover, the work focuses on the initial
stress method; i.e., Sp ¼ I (explicit case).
The present methodology enables the dynamic analysis of inﬁnite or semi-inﬁnite elastoplastic models in a very elegant
way: just the boundary of the model and the regions where plastic behaviour is supposed to occur have to be discretized. All
the complex computations related to the stress state evaluation are eliminated by the adoption of ﬁnite element procedures.
The main disadvantage of the hybrid approach is that the BEM domain discretization should be a little richer (when com-
paring to the formulation presented in Section 3); otherwise accuracy may be lost due to a poor ﬁnite element discretization
(domain cells and ﬁnite elements are here adopted the same).
As can be observed, taking into account displacement and traction computations, the time-marching scheme of the hy-
brid BEM–FEM formulation is equivalent to the scheme related to the TD-BEM. As a consequence, spatial/temporal discret-
izations should be carefully selected (i.e., they should take into account the wave velocities of the model etc.) in order to
avoid numerical instabilities, as is usual in transient BEM analysis (see Mansur, 1983; for instance). Once displacements
are accurately computed, stresses are evaluated taking into account simple spatial discretization techniques. Thus, it is ex-
pected that for an optimal time-step selection, considering hybrid BEM–FEM analyses, usual TD-BEM criteria should be
adopted.
5. Numerical applications
In the present section, three numerical examples are considered, highlighting the potentialities of the proposed hybrid
formulation. In the ﬁrst application, a closed-domain model is studied and the obtained results are compared to those pro-
vided by a standard FEM solution. In the second and third examples, opened-domain models are analysed and the results are
compared taking into account coupled BEM–FEM and coupled BEM–BEM procedures, respectively.
In all examples, linear boundary elements and linear triangular cells/ﬁnite elements are adopted for the spatial discret-
ization. Concerning the temporal discretization, linear time variation, within each time-step, is assumed for displacements
and initial stresses and piecewise constant time variation is assumed for tractions.
It is important to note that for displacement/traction computations, the hybrid BEM–FEM procedure provides exactly the
same results as the standard TD-BEM when linear analyses are considered (that is not the case regarding stress evaluations).
In all the examples that follow, linear elastodynamic displacements, computed by the hybrid BEM–FEM formulation (or TD-
BEM), are plotted as a dotted line, for reference.
5.1. Cantilever beam
This ﬁrst application consists of a clamped beamlike body, subjected to a suddenly applied uniform load (Heaviside step
function). A sketch of the model is depicted in Fig. 1. The geometry of the body is deﬁned by: a ¼ 2 m and b ¼ 1 m. 48 bound-
ary elements (4 double nodes) and 98 domain cells/ﬁnite elements are employed to spatially discretize the model. The time-
step adopted for the analysis is given by: Dt ¼ 0:015 s. A perfectly plastic material obeying the von Mises yield criterion is
assumed. The physical properties of the model are: m ¼ 0 (Poisson ratio); E ¼ 100 N=m2 (Young modulus); q ¼ 1:5 kg=m3
(mass density) and r0 ¼ 0:1 N=m2 (uniaxial yield stress).
In Fig. 2, time history results for the vertical displacements at point A (see Fig. 1) are depicted, considering elastic and
elastoplastic analyses (for elastic models, the hybrid BEM–FEM formulation becomes equivalent to a standard TD-BEM for-
mulation). Results provided by a standard FEM solution are also depicted in Fig. 2, for comparison. In this case, two differentFig. 1. Cantilever beam: geometry; boundary conditions; boundary element and domain cell/ﬁnite element discretization.
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Fig. 2. Cantilever beam: vertical displacements at point A considering linear and non-linear analyses.
Fig. 3. Half space: geometry; boundary conditions; boundary element and domain cell/ﬁnite element discretization.
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Fig. 4. Half space: vertical displacements at point A considering linear and non-linear analyses.
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FEM discretization (poorer mesh); and the other with twice this reference value (richer mesh). As can be noted, the hybrid
BEM–FEM results are in good agreement with the FEM results (one should observe that the responses to the present non-
linear model are very sensitive to the quality of the meshes considered).
5.2. Half space
In this example, an elastoplastic half space under a continuous stress distribution along its surface is considered (Soares
et al., 2004). A sketch of the model is depicted in Fig. 3. Equal-sized boundary elements ð‘ ¼ 19:05 mÞ are employed to dis-
cretize the surface of the semi-inﬁnite medium (two double nodes are considered at the extremities of the load distribution)
and 600 domain cells/ﬁnite elements are employed to discretize the region where the non-linear behaviour is expected. The
time-step adopted for the analysis is given by: Dt ¼ 0:05 s. A perfectly plastic material obeying the Mohr–Coulomb yield cri-
terion is assumed. The physical properties of the model are: m ¼ 0:25; E ¼ 1:77 1010 N=m2; q ¼ 3:15 104 kg=m3;
c ¼ 1:25 107 N=m2 (cohesion) and / ¼ 100 (internal friction angle).
In Fig. 4, time history results for the vertical displacements at point A (see Fig. 3) are depicted, considering elastic and
elastoplastic analyses. The responses provided by the hybrid BEM–FEM formulation are compared to those provided by a
coupled BEM–FEM analysis (Soares et al., 2004): as can be seen, good agreement among the results is observed.Fig. 5. Circular cavity: geometry; boundary conditions; boundary element and domain cell/ﬁnite element discretization.
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Fig. 6. Circular cavity: horizontal displacements at point A considering linear and non-linear analyses.
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This plane strain problem consists of a circular cavity under a uniform internal pressure distribution, suddenly applied
and kept constant along time (Soares et al., 2005). A sketch of the model is depicted in Fig. 5. The geometry of the problem
is deﬁned by R ¼ 3:048 m. 48 boundary elements and 384 domain cells/ﬁnite elements are employed to spatially discretize
the model. The time-step adopted for the analysis is given by: Dt ¼ 0:2 s. The physical properties of the model are:
m ¼ 0:2308; E ¼ 6:5277 108 N=m2 and q ¼ 1:804 103 kg=m3. A perfectly plastic material obeying the Mohr–Coulomb
yield criterion is assumed and the related parameters are: c ¼ 4:8263 106 N=m2 and / ¼ 300.
In Fig. 6, time history results for the horizontal displacements at point A (see Fig. 5) are depicted, considering elastic and
elastoplastic analyses. The responses provided by the hybrid BEM–FEM formulation are compared to those provided by a
coupled BEM–BEM analysis (Soares et al., 2005) and, as can be noticed, good agreement among the results is observed.
In Fig. 7, time history results for the radial and circumferential stresses at point B (see Fig. 5) are plotted. It is important to
observe that, although for displacement/traction computations the hybrid BEM–FEM formulation is equivalent to the TD-
BEM considering linear analysis, this is not the case when stress computations are considered. Thus elastic results are de-
picted in Fig. 7a and elastoplastic results are depicted in Fig. 7b. As can be noted in Fig. 7, once again good agreement among
the results of the hybrid BEM–FEM formulation and of the coupled BEM–BEM procedure is observed.0 2 4 6 8 10 12 14 16 18 20 22 24 26
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Fig. 7. Circular cavity: stresses at point B considering (a) linear and (b) non-linear analyses.
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In the present work, a hybrid BEM–FEM formulation for the dynamic analysis of elastoplastic models was presented. In
this hybrid formulation, tractions and displacements are computed taking into account time-domain boundary element pro-
cedures, and stresses are evaluated based on ﬁnite element techniques. The methodology that arises is very effective to ana-
lyse opened-domain non-linear models, avoiding the need for complex computations related to the standard time-domain
BEM approach. In fact, stress state evaluation, considering time-dependent fundamental solutions and initial stress domain
contributions, is extremely complex and highly demanding from a computational standpoint, providing a solution technique
that may be prohibitive for most usual engineering problems. Not only is the present hybrid formulation easier to imple-
ment, but it is also more efﬁcient, since stress states are computed in a very simple and direct way, considering ﬁnite ele-
ment procedures.
The hybrid BEM–FEM formulation also has several advantages when compared to standard coupled BEM–FEM formu-
lations, namely: (i) no BEM–FEM interface discretizations are necessary; (ii) compatibility problems among variables at
common interfaces are inexistent (e.g., tractions do not need to be converted into nodal forces etc.); (iii) adoption of inap-
propriate time discretizations is avoided (usually FEM and BEM dynamic analyses require different optimal time-step
selections); (iv) greater ﬂexibility to discretize the model is achieved (meshes are easily constructed and it is easier to se-
lect an appropriate time-step for the analysis); (v) coupling related numerical instabilities do not occur (see Yu et al.,
2001; Czygan, 2002; Soares, 2004; for instance, for a discussion on the topic); (vi) systems of equations that are smaller
and simpler to deal with are considered (the systems of equations that arise are related only to the boundary discretiza-
tion); etc.
At the end of the paper, several numerical examples were presented, illustrating the good levels of accuracy of the pro-
posed formulation.
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